Abstract. Let K be a field and suppose that f (x) = x n − b is irreducible in K [x]. We discuss the following question: under what conditions are all iterates of f irreducible over K?
Let K be a field and let f (x) ∈ K [x] . By the iterates of f we mean the sequence of polynomials f r defined by f 0 (x) = x, and f r+1 (x) = f (f r (x)) for r ≥ 0. It is clear that if any iterate f m of f is reducible in K[x] , then all successive iterates f m+i (x) = f m (f i (x)) are also reducible over K. If, however, f is irreducible in K[x] , then its various iterates may or may not also be irreducible over K. In this paper we investigate the irreducibility of the iterates of f for f an irreducible polynomial in K[x] of the form x n − b. Suppose that f (x) = x n − b is irreducible in K[x] . Examples exist for every n ≥ 2 and m ≥ 1 of K and b ∈ K such that f m is irreducible over K but f m+1 is reducible. This raises the following question which motivates this paper: under what conditions on K, n, and b are all iterates of f (x) = x n − b irreducible over K? We show that all iterates of f as above are irreducible over K in the following cases: (i) K = Q and b ∈ Z, (ii) K = Q(t) and b ∈ Z[t], (iii) K = F (t) and b ∈ F [t] for F an arbitrary algebraically closed field, and (iv) K = F (t), b ∈ F (t), b ∈ F , n ≥ 3, and F an arbitrary field of characteristic 0. We also consider the case not covered by (i) above when K = Q and b ∈ Q but b ∈ Z. Fix n ≥ 2 and let S(n) denote the set of b ∈ Q such that f (x) = x n − b is irreducible in Q[x] but some iterate of f is reducible over Q. We show that S(2) is infinite, that S(n) is finite for n odd, n ≥ 5, and that the 'abc'-conjecture implies that S(n) is finite for n even, n = 2. The question of whether S(n) is or is not empty is particularly interesting since we also show that if there exists an odd n ≥ 3 for which S(n) = ∅, then there exists a primitive triple (x, y, z) satisfying x p + y p = z r with p and r each ≥ 3; it is a fundamental open question whether such triples exist.
For the convenience of the reader, we begin our discussion with a special case of a result due to Capelli (see [FS, Lemma 0 .1]): Proof. Let α m+1 be a root of
The proposition now follows from [L, Theorem 9 .1, p. 297].
As mentioned above, examples exist for every n ≥ 2 and m ≥ 1 of K and b ∈ K such that for f (x) = x n − b, f m is irreducible over K but f m+1 is reducible. Our next result proves this assertion and also classifies such examples when n = 2 and m = 1.
Proposition 2.
(1) Let n ≥ 2 and m ≥ 1. Then there exists a field K and
Proof.
(1) Let F = C(t) be the rational function field in one variable over C, and let
. By [O, Theorem 1, p. 101] , f r is irreducible in F [x] for every r ≥ 1 and has Galois group over F isomorphic to the r-fold wreath product [C n ] r of the cyclic group C n of order n with itself. Let E be the splitting field of f m+1 over F . By the proof of [FS, Lemma 1.1, p. 491] , there exists σ ∈ Gal(E/F ) such that σ acts as a n m -cycle on the roots of f m and as a product of disjoint n m -cycles on the roots of f m+1 . (The proof of the existence of σ only used the fact that the Galois group of f r is the r-fold wreath product [G] r of a group G with itself such that G contains an n-cycle. This holds in our situation since the Galois group of f is cyclic of order n and acts transitively on the roots of f .)
Thus f 2 is reducible over K if and only if there exist z, w ∈ K such that b = z 2 + w 2 b and 1 = 2zw. This implies that f 2 is irreducible over K if K has characteristic 2. If the characteristic of K is different from 2, then solving the above equations simultaneously leads to w = 1/2z and b = 4z 4 /(4z 2 − 1). Since f is assumed to be irreducible over K, 4z 2 − 1 ∈ K 2 by Proposition 1. Conversely, if f has the given form, then f 2 is reducible by the above argument.
Suppose that K is the quotient field of a unique factorization domain R and b = b 1 /b 2 ∈ K where b 1 and b 2 are relatively prime elements of R. Let f (x) = x n −b and suppose that f m is irreducible over K but f m+1 is reducible. We show next that this forces b 1 and b 2 to satisfy a certain Diophantine equation over R. An analysis of this equation for particular fields K will yield our main results. 
Theorem 3. Let K be the quotient field of a unique factorization domain R and let
for j ≥ 0. Then there exist a prime p dividing n, a unit u of R, and d, z ∈ R − {0} such that the following hold: Proof. We begin by proving by induction on j that for all j ≥ 0, w j = 0, w j and b 1 b 2 are relatively prime, and
. This is clear for j = 0 since f 0 (x) = x and w 0 = −1. Let j ≥ 0 and assume that w j = 0, w j is relatively prime to b 1 b 2 , and (1) b ∈ uR p for all units u of R and all primes p dividing n, or (2) the unit group, U (R), of R is p-divisible for all primes p dividing n, or (3) n is even and U (R) = {1, −1}.
Proof. We apply Theorem 3 with b 1 = b and b 2 = 1. (1) is immediate from Theorem 3(1). Now suppose that there exists m ≥ 1 such that over R, f m is irreducible but f m+1 is reducible. By Theorem 3, there exist a prime p dividing n, u ∈ U (R), and d, z ∈ R such that b = ud p and ( * ): (−1)
and so x n − b is reducible over R, contrary to assumption. Thus we may assume that we are in case (3): p = 2, n is even, and
2 is reducible over R so we may assume that u = −1. Let n = 2k and
. It follows that e − z, e + z ∈ U (R) and so either e − z = 1 and e + z = −1 or e − z = −1 and e + z = 1. In either case, 2e = 0. The characteristic of R is different from 2 since x n − b = x n + d 2 is assumed to be irreducible over R. But then e = 0, a contradiction.
Stoll [S, Corollary 1.3] 
is irreducible over Q, then so also are all of its iterates. In view of Corollary 4 we have the following improvement of Stoll's result:
Corollary 5. Let R be either Z or a polynomial ring over either Z or an alge-
Let the context be as in Corollary 4. As noted in Proposition 2, if b ∈ R, then for n = 2 there can exist b ∈ K such that f (x) = x n − b is irreducible over K but f 2 is reducible. We next consider the special case when K = F (t) where F is a field of characteristic 0 and show that this behavior cannot occur if n ≥ 3 and b is non-constant. 
Since g, h, and z are pairwise relatively prime in [L, Theorem 7.1, p. 194] 
This leads to the equations:
Adding equations (1), (2), and (3) together and simplifying, we obtain
Since n ≥ 3 by assumption and p|n, equation (4) is clearly impossible except possibly when n is even and p = 2 or when n = 3, p = 3, and m = 1. Suppose first that n is even and p = 2. Then n ≥ 4 and from equations (3) and (4), we obtain
and so (2(n − 1) − 4) · deg ( Our last result treats the case when K = Q, the rational field. We say that a triple (x, y, z) of integers is primitive if xyz = 0 and x, y, and z are pairwise relatively prime. 
S(n, m). Then:
(1) S(2, 1) and S(2) are infinite. 
